We investigate strong-coupling properties of a trapped two-dimensional normal Fermi gas.
I. INTRODUCTION
The advantage of ultracold Fermi gases is the existence of highly tunable physical parameters [1] [2] [3] . A tunable pairing interaction associated with a Feshbach resonance [4] [5] [6] enables us to study Fermi superfluids from the weak-coupling BCS regime to the strongcoupling BEC limit in a unified manner [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . The intermediate coupling regime (which is also referred to as the BCS-BEC crossover region in the literature) is useful for the study of strong-coupling physics. Since correlation effects are important in high-T c cuprates [17] [18] [19] [20] , the BCS-BEC crossover physics in ultracold Fermi gases would be also useful for the study of this interacting electron system.
In addition to the tunable interaction, one can also adjust the atomic motion by using an optical lattice [1] [2] [3] . For example, when a Fermi gas is loaded on a one-dimensional optical lattice, the particle motion in the the lattice direction is strongly suppressed for a very high lattice potential, which effectively realizes a two-dimensional gas. Thus, an optical lattice can be used to change the system dimension [21] [22] [23] .
Using this optical lattice technique, Feld and co-workers [21] have recently done the photoemission-type experiment on a two-dimensional 40 K Fermi gas. In the BCS-BEC crossover region, they found that the photoemission spectrum exhibits a double peak structure (although the system is in the normal state). Although a similar anomaly has also been observed in a three-dimensional 40 K Fermi gas [24, 25] , the double peak structure observed in the former low-dimensional system is more remarkable than the latter, which indicates that the low-dimensionality enhances this anomaly. Indeed, evolution of a double-peak structure in the rf (radio frequency)-spectrum has also been observed in a 6 Li Fermi gas [23] , when the system dimension is changed from the three-to two-dimension by using an optical lattice.
In the case of a three-dimensional Fermi gas, it has been theoretically shown that the anomaly seen in the photoemission spectrum can be explained as a pseudogap phenomenon originating from strong pairing fluctuations [26] [27] [28] [29] [30] [31] [32] [33] [34] . In this regard, we note that pairing fluctuations are stronger in a lower dimensional system. Thus, although the existence of the pseudogap is still controversial in ultracold Fermi gases [35] , if the pseudogap scenario proposed in the three-dimensional case is correct, the anomalous photoemission spectrum observed in a two-dimensional 40 K Fermi gas is also expected to originate from pairing fluctuations that are enhanced by the low-dimensionality of the system.
In this paper, we investigate single-particle properties of a two-dimensional Fermi gas. Including two-dimensional pairing fluctuations within a strong-coupling T -matrix approximation [27, 36] , as well as effects of a harmonic trap within the local density approximation (LDA) [37] , we calculate the local density of states in the normal state. We also deal with the photoemission spectrum, to see if the observed double peak structure can be understood as a two-dimensional pseudogap phenomenon. We briefly note that the possibility of the Berezinskii-Kosterlitz-Thouless (BKT) transition [38] [39] [40] in a two-dimensional Fermi gas have recently been discussed by many researchers [41] [42] [43] [44] [45] . Pseudogap physics in this system has also been studied in Refs. [44, 46] . This paper is organized as follows. In Sec. II, we explain our formulation. In Sec. III, we examine the local density of states. Here, we show how two-dimensional pairing fluctuations affect this single-particle quantity, leading to the pseudogap phenomenon. In Sec. IV, we discuss the photoemission spectrum. We compare our results with the recent experiment on a 40 K Fermi gas done by Feld and coworkers [21] . Throughout this paper, we set = k B = 1, and the system area S is taken to be unity, for simplicity.
II. FORMULATION
We consider a two-dimensional Fermi gas with two atomic hyperfine states, described by the BCS Hamiltonian,
Here, c † pσ is a creation operator of a Fermi atom with pseudospin σ =↑, ↓, describing two atomic hyperfine states. ξ p = ε p − µ = p 2 /(2m) − µ is the kinetic energy, measured from the chemical potential µ (where m is an atomic mass). Since we are considering a twodimensional system, p = (p x , p y ) is a two-dimensional momentum. −U(< 0) is a pairing interaction, which is assumed to be tunable.
Within LDA, effects of a harmonic trap is conveniently incorporated into the theory by replacing the chemical potential µ with the LDA expression,
Here, V (r) = mω The LDA single-particle thermal Green's function is given by
where ω n is the fermion Matsubara frequency.
Green's function for a free Fermi gas, where ξ p (r) = ε p − µ(r). The LDA self-energy Σ p (iω n , r) in Eq. (3) describes fluctuation corrections to single-particle excitations. In the ordinary T -matrix approximation, it is given by [27, 28, 36, 46] ,
where ν n is the boson Matsubara frequency. The particle-particle scattering matrix Γ q (iν n , r)
in Eq. (4) describes fluctuations in the Cooper channel, having the form [27, 28, 36, 46] ,
Here,
is the lowest-order pair-propagator in LDA [9] [10] [11] .
In the case of a uniform two-dimensional Fermi gas, it is well known [47, 48] that the ordinary BCS-type superfluid phase transition is completely suppressed by strong pairing fluctuations. Instead, the superfluid instability is dominated by the BKT transition [38] [39] [40] .
On the other hand, in the presence of a harmonic trap, we will show that the BCS-type superfluid phase transition revives (at least within LDA), which is just the same as the case of BEC in a trapped two-dimensional Bose gas [37] . In this case, the LDA superfluid phase transition temperature T c is simply determined from the BCS-type T c -equation in the trap center [29] ,
together with the equation for the total number N of Fermi atoms,
In Eq. (8), n(r) is the LDA particle density, given by
where δ = +0 is an infinitesimally small positive number.
As usual, one needs to regularize the T c -equation (7) to eliminate the ultraviolet divergence. This can be achieved by introducing the two-dimensional s-wave scattering length a s , which is related to the pairing interaction U as [46, 49] 
where C = 1.78, and E is an infinitesimally small energy. In this regularization scheme, the interaction strength is conveniently measured in terms of the binding energy E b of a two-body bound state [50] ,
In this scale, the increase of E b corresponds to the increase of the interaction strength. We briefly note that E b always exists in the two-dimensional case, irrespective of the interaction strength U [41, 50] . This is quite different from the three-dimensional case, where a threshold coupling strength exists to obtain a two-body bound state.
Figures 1(a) and (b) show the self-consistent solutions of the coupled Eqs. (7) and (8) . As in the three-dimensional case [9] [10] [11] , T c and µ exhibit typical BCS-BEC crossover behaviors in the present two-dimensional case. In panel (a), T c gradually deviates from the mean-field result (T MF ) with increasing the interaction strength, to approach a constant value in the strong-coupling BEC regime (ln E b /ε F > ∼ 1, where ε F = √ N ω tr is the LDA Fermi energy).
In the BEC limit, the system is well described by a trapped ideal Bose gas of N/2 molecules, so that T c is determined from the LDA molecular number equation [37] ,
which gives
Here, T F is the Fermi temperature. Figure 1 (a) indicates that the crossover from the BCS regime to the BEC regime occurs in the region −1 In Fig.1(b) , the Fermi chemical potential µ gradually deviates from the Fermi energy ε F with increasing the interaction strength, to be negative in the strong-coupling BEC regime.
In the BEC regime, 2|µ| approaches the molecular binding energy E b , reflecting that the system becomes a gas of tightly bound molecules having this binding energy.
We note that, although our LDA calculation gives a finite T c in the presence of a trap, one also sees a sign of the vanishing BCS superfluid phase transition in the uniform case.
As shown in Fig.1(c) , n(r) has a peak structure at T c , which is known as an artifact of LDA [37] . While the peak value is finite in the three-dimensional case, n(r = 0) diverges in the two-dimensional case. Indeed, in the strong-coupling BEC limit, one finds,
which behaves as n(r) ∼ − ln(r) around r = 0. However, since the total number equation (8) converges after taking the radial integration ( drrn(r)) of this singular particle density n(r), one obtains self-consistent solutions of the coupling equations (7) and (8) . In the uniform case, on the other hand, the divergence of the (uniform) particle density occurs everywhere, when the T c -equation (7) is satisfied. As a result, the equation for the total number N of Fermi atoms also diverges. Because of this singularity, the coupled equations (7) and (8) do not give any self-consistent solution in the uniform case, leading to the vanishing BCS phase transition. According to the Thouless criterion [51] , the T c -equation (7) is directly related to the pole of the particle-particle scattering matrix Γ q (iν n ) in Eq. (5) at q = ν n = 0. Since this quantity physically describes pairing fluctuations, the vanishing T c is due to strong pairing fluctuations in a two-dimensional Fermi gas [47, 48] .
Since all the current experiments on two-dimensional Fermi gases have been done in the normal state [21] [22] [23] , we also consider the region above T c in this paper. In the normal state, one may only solve the number equation (8) to obtain µ shown in Fig.1(d) . Then, the LDA single-particle spectral weight A p (ω, r), as well as the local density of states ρ(ω, r), are conveniently calculated from the analytic continued Green's function as,
The photoemission spectrum is also related to the spectral weight A p (ω, r) in Eq. (15) .
In this experiment, atoms in one of the two hyperfine states (≡ | ↑ ) is transfered to another hyperfine state |3 by rf-pulse, and the tunneling current between these states is measured.
Since the final state interaction can be safely ignored in a 40 K Fermi gas [24, 25] , one may safely treat |3 as a non-interacting state. In this case, the LDA local photoemission current I(p, Ω, r) is given by [29] I(p, Ω, r) = 2πt 
where
) is the Thomas-Fermi radius. The observed photoemission spectrum [21] (≡ A p (ω)f (ω)) is then given by [29] 
In later sections, we numerically evaluate ρ(ω, r) in Eq. (16), as well as A p (ω)f (ω) in Eq.
(19), to examine strong-coupling effects on single-particle properties of a two-dimensional Fermi gas.
Before ending this section, we briefly explain our idea about how to compare our theoretical results with experimental data. Although the prediction for the value of T c is usually difficult in a Fermi superfluid, it is known in the field of superconductivity that various superconducting phenomena can be well explained theoretically, when one uses the scaled temperature T /T c (even if the theory cannot reproduce the observed value of T c ). However, the superfluid phase transition has not been realized yet in a two-dimensional Fermi gas. Thus, apart from quantitative discussions, it seems difficult to quantitatively compare the calculated temperature dependence of a physical quantity with experiment data in the current stage of research. However, we point out that the (pseudo)gap size ω 0 in the photoemission spectrum at p = 0 observed in a two-dimensional 40 K Fermi gas is almost T -independent in the wide temperature region, 0.27T F ≤ T ≤ 0.65T F [21] . Thus, as an alternative to using the scaled temperature T /T c , ω 0 would be useful for the comparison of theory with experiment in the current stage of research. In Sec. IV, we will take this strategy to assess the pseudogap scenario. 
III. LOCAL DENSITY OF STATES AND INHOMOGENEOUS PSEUDOGAP PHENOMENON

Figures 2(a)-(c)
show the local density of states ρ(ω, r) at r = 0.01R F in the BCS-BEC crossover regime of a two-dimensional Fermi gas [52] . We find that ρ(ω, r) has a gaplike (pseudogap) structure near T c . In particular, when ln E b /ε F = 0 (panel (c)), the pseudogap structure at T c is very similar to the BCS-type superfluid density of states with sharp coherence peaks at the gas edges. Since the superfluid order parameter vanishes in these figures, the pseudogap in ρ(ω, r) originates from two-dimensional pairing fluctuations.
Indeed, noting that the particle-particle scattering matrix Γ q=0 (iν n = 0, r = 0) (which physically describes pairing fluctuations) diverges at T c , we may approximate Eq. (4) to
pg near T c , where ∆ 2 pg = −T q,νn Γ q (iν n , r = 0) is sometimes referred to as the pseudogap parameter in the literature [26, 27] . Substituting this into Eq.(3), we obtain
which is the same form as the mean-field Green's function in the BCS state,
Thus, pairing fluctuations (that are described by ∆ pg in Eq. (20) ) are found to work like the BCS gap parameter ∆, leading to the pseudogap in the single-particle density of states, as shown in Fig.2(a)-(c) . We also find from the first line in Eq. (20) that pairing fluctuations (∆ pg ) couple the particle branch ω p ≡ ξ p with the hole branch ω h ≡ −ξ p , leading to the level repulsion between the two around p = √ 2mµ (when µ ≥ 0). In this sense, the pseudogap may be viewed as a particle-hole coupling phenomenon, induced by strong pairing fluctuations.
When ln E b /ε F = −2, Fig.1(a) shows that T c is almost equal to the mean-field value (T MF ). In addition, the Fermi chemical potential µ(T = T c ) is also close to the Fermi energy ε F there, as shown in Fig.1(b) . However, even in this weak-coupling case, ρ(ω, r) exhibits a pseudogap around the trap center, as shown in Fig.2(a) . Since such a clear pseudogap does not appear in the weak-coupling regime of a three-dimensional Fermi gas [30] , the twodimensionality is found to enhance the pseudogap phenomenon, as expected.
In Figs. 2(a) -(c), we find that the pseudogap gradually disappears, as one increases the temperature above T c . When we conveniently define the pseudogap temperature T * as the temperature at which the dip structure in ρ(ω, r) completely disappears in the trap center, Fig.2(d) shows that T * is relatively high even in the weak-coupling regime (ln E b /ε F < ∼ −1). We briefly note that, in the three-dimensional case [29, 31] , the pseudogap temperature is only slightly higher than T c in this regime. Thus, the present result also indicates the enhancement of the pseudogap phenomenon by the two-dimensionality of the system. Figure 3 shows the spatial variation of the local density of states. As in the threedimensional case [29] , the pseudogap remarkably depends on the spatial position. That is, the dip structure gradually becomes obscure, as one goes away from the trap center. Around the edge of the gas cloud (r ∼ R F ), ρ(ω, r) is almost equal to the density of states ρ 2D (ω) in a two-dimensional free Fermi gas,
where Θ(x) is the step function. Thus, the pseudogapped density of states and the freeparticle-like density of states coexist in a trapped Fermi gas (although there is no clear boundary between them).
We briefly note that one can also see the pseudogap phenomenon in the spectral weight A p (ω, r). In Fig.4 , while A p (ω, r) exhibits a double peak (pseudogap) structure near the trap center (panel (a)), the lower peak in the spectral weight gradually becomes obscure, as one approaches the edge of the gas cloud (panels (b) and (c).) At r = R F (panel (c)),
A p (ω, r) is dominated by a single peak line, which is close to the free particle dispersion
. This spatial dependence of A p (ω, r) is consistent with that of the local density of states ρ(ω, r) shown in Fig.3 . In addition, as expected from the temperature dependence of the pseudogap structure shown in Figs.2(a)-(c) , Fig.5 shows that the double peak structure in the spectral weight A p (ω, r ≃ 0) gradually disappears, as one increases the temperature from T c . Since the spectral weight is deeply related to the photoemission spectrum (See Eq. (18).), the above results make us expect that the latter is a useful quantity to observe the pseudogap phenomenon in a two-dimensional Fermi gas, which we will confirm in the next section. Figure 6 shows the intensity of the photoemission spectrum A p (ω)f (ω) in a twodimensional Fermi gas. In the intermediate coupling case (ln E b /ε F = 0), one sees a clear double peak structure, as observed in a 40 K Fermi gas [21] . In the case of a free Fermi gas, a single peak line along the free-particle dispersion ω + µ = p 2 /(2m) only appears in the spectrum. In addition, the superfluid order parameter vanishes in Fig.6 . Thus, the gap-like (double peak) structure in Fig.6 is considered to originate from two-dimensional pairing fluctuations.
IV. PHOTOEMISSION SPECTRUM IN A TWO-DIMENSIONAL FERMI GAS
In Fig.6 , the upper peak line is well described by the free particle dispersion, ω + µ = p 2 /(2m). This mean that this branch is dominated by single-particle excitations in the outer region of the gas cloud (r ∼ R F ) where a free-particle-like local density of states shown in Fig.3 is obtained. Actually, since the inner region of the gas cloud also contributes to this branch to some extent, it has a finite spectral width.
On the other hand, the lower peak line in Fig.6 (which does not appear in a free Fermi gas) comes from the pseudogapped single-particle excitations around the trap center. Since state. We take ln E b /ε F = 0. The spectral intensity is normalized by 2πt 2 F /ε F . In each panel, the solid line shows the free particle dispersion, ω + µ = p 2 /(2m), which is close to the upper peak line of the spectrum. The dashed line shows the lower peak line of the spectrum.
the pseudogap phenomenon is spatially inhomogeneous in the presence of a trap (See Figs.3 and 4.), the spatial average of the local photoemission spectrum makes this branch broad, as shown in Fig.6 .
We note that the lower branch in Fig.6 exhibits the so-called back-bending behavior.
With increasing the temperature, the momentum region where this branch shows an upward behavior becomes wide. In addition, the energy difference (≡ ω 0 ) between the two peak 
shows the peak-topeak energy ω 0 of the calculated photoemission spectrum at p = 0. Solid circles are experimental data for a 40 K Fermi gas [21] . The dashed line shows the lower peak line of the spectrum.
lines at p = 0 is found to be insensitive to the temperature, at least up to T ∼ 2T c . These behaviors are consistent with the recent experiment on a 40 K Fermi gas [21] . As mentioned in Sec. II, the latter property is useful for the comparison of our theory with experimental data, which we will use soon later. obscure, as one approaches the weak-coupling BCS regime. The double peak structure still remains when ln E b /ε F = −1 ( Fig.7(b) ), a broad spectral peak only exists around p = 0 when ln E b /ε F = −2 ( Fig.7(a) ). In the latter case, the local density of states ρ(ω, r ∼ 0) has a clear pseudogap structure near T c , as shown in Fig.2(a) . Thus, the disappearance of the double peak structure in the low momentum regime of the photoemission spectrum is a result of the spatial average of the inhomogeneous pseudogap.
Figure 7(d) shows the peak-to-peak energy at p = 0 (ω 0 ) in the photoemission spectrum A p (ω)f (ω). As expected from Fig.6 , ω 0 is almost T -independent up to T ∼ 2T c in the whole BCS-BEC crossover region. In addition, our result agrees well with the recent experiment on a 40 K Fermi gas [21] (solid circles in Fig.7(d) ). Here, we emphasize that no fitting parameter is introduced in obtaining this result. Since the double peak structure in our theoretical results originates from the pseudogap phenomenon associated with two-dimensional pairing fluctuations, this agreement supports the pseudogap scenario as the mechanism of the double peak structure observed in the recent photoemission-type experiment on a two-dimensional 40 K Fermi gas [21] .
V. SUMMARY
To summarize, we have discussed single-particle properties and strong-coupling effects in the BCS-BEC crossover regime of a two-dimensional Fermi gas. Within the framework of a combined T -matrix theory with LDA, we have calculated the local density of states ρ(ω, r) in the normal state above T c . We showed that ρ(ω, r) has a pseudogap near T c , originating from strong two-dimensional pairing fluctuations. In the intermediate coupling regime (ln E b /ε F = 0), the pseudogap structure at T c is very similar to the BCS superfluid density of states, being accompanied by sharp coherence peaks at gap edges (although the superfluid order parameter vanishes at T c ). Even in the weak-coupling BCS regime
, where both T c and µ are well described by the simple mean-field theory, a dip structure is still obtained. We also showed that the pseudogap remains to a high temperature, in comparison with the three-dimensional case. These results indicate that the pseudogap phenomenon is enhanced by two-dimensional pairing fluctuations.
In the presence of a trap potential, the pseudogap becomes spatially inhomogeneous.
That is, while the pseudogap dominates single-particle excitations in the trap center, the local density of states near the edge of the gas cloud is still similar to that for a free Fermi gas.
Including this inhomogeneous pseudogap effect, we calculated the photoemission spectrum.
Although the spatial average of the spectrum smears the pseudogap structure to some extent, the calculated spectrum still exhibits a double peak structure, when ln E b /ε F > ∼ − 1. The peak-to-peak energy ω 0 at p = 0 is almost T -independent in the wide temperature region (T c ≤ T < ∼ 2T c ), which is consistent with the recent experiment on a 40 K Fermi gas [21] . In addition, the value of ω 0 agrees well with this experiment over the entire BCS-BEC crossover region. This agreement indicates that the anomalous double peak structure observed in the photoemission spectrum [21] may be understood as a pseudogap phenomenon, originating from two-dimensional pairing fluctuations. Since the pseudogap is a fundamental phenomenon in a strongly interacting Fermi system, our results would be useful for the study how this many-body phenomenon is affected by the dimensionality of a system.
In the current stage of research for a two-dimensional Fermi gas, the achievement of the superfluid phase transition is one of the most important challenges. While the combined Tmatrix theory with LDA used in this paper gives a finite BCS phase transition temperature, the BKT transition is predicted in a uniform Fermi gas [38] [39] [40] [41] [42] [43] [44] [45] . Thus, it would be interesting to clarify whether the superfluid phase transition in a trapped two-dimensional Fermi is close to the BCS-type or the BKT-type. For this purpose, an extension of our work to include the BKT transition would be an important future problem.
In addition, since pairing fluctuations become strong with decreasing the temperature near T c , a phenomenon which is sensitive this temperature dependence would be helpful to see to what extend the current experiment approaches the two-dimensional superfluid instability. For this purpose, the peak-to-peak energy ω 0 discussed in this paper is not useful, because it is insensitive to the temperature (although it is useful for the comparison of theory with experiment in the current stage of research). Thus, the search for a twodimensional pseudogap phenomenon which has a remarkable temperature dependence near T c would be also another important future challenge.
